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I. INTRODUCTION 

One of the purposes of quantum deformations is to provide an alternative of the regular- 
ization procedures of quantum field theory. Applied to Minkowski space-time the quantum 
deformations approach is also an alternative to Connes' noncommutative geometry [1] . The 
first step in such an approach is to construct a noncommutative quantum deformation of 
Minkowski space-time. There are several possible such deformations, cf. [2-6]. We shall 
follow the deformation of [6] which is different from the others, the most important aspect 
being that it is related to a deformation of the conformal group. 

The first problem to tackle in a noncommutative deformed setting is to study the q- 
deformed analogues of the conformally invariant equations. Here we continue the study 
of hierarchies of deformed equations derived in [6-8] with the use of quantum conformal 
symmetry. We give now a description of our setting starting from the simplest example. 
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It is well known that the d'Alembert equation 

r\^{x) = 0, □ = a'^a^ = ^dof-0)\ (1) 

is conformally invariant, cf., e.g., [9]. Here (/? is a scalar field of fixed conformal weight, 
X — (xo, Xi, ^2, X3) denotes the Minkowski space-time coordinates. Not known was the 
fact that (1) may be interpreted as conditionally conformally invariant equation and thus 
may be rederived from a subsingular vector of a Verma module of the algebra sZ(4), the 
complexification of the conformal algebra sm(2, 2) [7]. 

The same idea was used in [7] to derive a g-d'Alembcrt equation, namely, as arising from 
a subsingular vector of a Verma module of the quantum algebra f/g(s/(4)). The resulting 
equation is a ^-difference equation and the solution spaces are built on the noncommutative 
g'-Minkowski space-time of [6] . 

Besides the g-d'Alembert equation in [7] were derived a whole hierarchy of equations 
corresponding to the massless representations of the conformal group and parametrized by 
a nonnegative integer r [7]. The case r = corresponds to the g-d'Alembert equation, 
while for each r > there are two couples of equations involving fields of conjugated 
Lorentz representations of dimension r-\-l. For instance, the case r — 1 corresponds to the 
massless Dirac equation, one couple of equations describing the neutrino, the other couple 
of equations describing the antineutrino, while the case r — 2 corresponds to the Maxwell 
equations. 

The construction of solutions of the g-d'Alembert hierarchy was started in [10] with the 
g-d'Alembert equation. One of the solutions given was a deformation of the plane wave as 
a formal power series in the noncommutative coordinates of g-Minkowski space-time and 
four-momenta. This g'-plane wave has some properties analogous to the classical one but is 
not an exponent or g-exponent. Thus, it differs conceptually from the classical plane wave 
and may serve as a regularization of the latter. In the same sense it differs from the g-plane 
wave in the paper [11], which is not surprising, since there is used different g- Minkowski 
space-time (from [2-4] and different g-d'Alembert equation both based only on a (different) 
g-Lorentz algebra, and not on g-conformal (or Uq{sl{A))) symmetry as in our case. In fact, it 
is not clear whether the g-Lorentz algebra of [2-4] used in [11] is extendable to a g-conformal 
algebra. 

For the equations labelled by r > it turned out that one needs a second g-deformation 
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of the plane wave in a conjugated basis [12] . The solutions of the hierarchy in terms of the 
two g-plane waves were given in [12] for r = 1 and in [13] for r > 1. Later these two ^-plane 
waves were generalized and correspondingly more general solutions of the hierarchy were 
given in [14]. 

Another hierarchy derived in [6] is the Maxwell hierarchy. The two hierarchies have only 
one common member - the Maxwell equations - they are the lowest member of the Maxwell 
hierarchy and the r — 2 member of the massless hierarchy The compatibility of the solutions 
of the free g-Maxwell equations with the gr-potential equations was studied in [15]. 

Another family contained in [8] , but not explicated there, is related to the linear conformal 
Weyl gravity. Its study started in [16], where was written down the quantum conformal 
deformation of the linear conformal Weyl gravity. In the present paper we continue this 
study by constructing solutions of these g-deformed equations. 



II. LINEAR CONFORMAL GRAVITY 



We shall consider the quantum group analogs of linear conformal gravity following the 
approach of [8]. We start with the g = 1 situation and we first write the Weyl gravity 
equations in an indexless formulation, trading the indices for two conjugate variables z, z. 

Weyl gravity is governed by the Weyl tensor: 

where g^j^i, is the metric tensor. Linear conformal gravity is obtained when the metric tensor 
is written as: g^j^v — rjfj,!, + h/^u, where r]fj,i, is the flat Minkowski metric, h^i, are small so that 
all quadratic and higher order terms are neglected. In particular: R^uar = \{djj^drhucr + 
dvdahfj^r — dudahyr — (^z/^r^/io-) ■ The equations of linear conformal gravity are: 

d^d^CnucTT — T/j^ , (3) 

where T^;^ is the energy-momentum tensor. Prom the symmetry properties of the Weyl 
tensor it follows that it has ten independent components. These may be chosen as follows 
(introducing notation for future use): 

— <-^0123 ) — <-^2121 , <-^2 — <-^0202 , <-^3 — <-^3012 , 

4 — <-^2021 ) <-^5 — <-^1012 ) <-^6 — <-^2023 , 
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C-j — C3132 , Cg — C2123 ) C'g — C1213 . (4) 

Furthermore, the Weyl tensor transforms as the direct sum of two conjugate Lorentz irreps, 
which we shall denote as C^. The tensors T^^, and h^tv are symmetric and traceless with 
nine independent components. 

In order to be more precise we recall that the physically relevant representations of 
the 4-dimensional conformal algebra sm(2, 2) may be labelled by x = [^1, '^^2! d], where rii, 77-2 
are non-negative integers fixing finite-dimensional irreducible representations of the Lorentz 
subalgebra, (the dimension being (ni + l)(n2 + 1)), and d is the conformal dimension 
(or energy). (In the literature these Lorentz representations are labelled also by (ji,j2) = 
(711/2,712/2).) The Weyl tensor transforms as the direct sum: 

X+©X" 

X+ = [4,0;2], x- = [0,4;2], (5) 

while the energy-momentum tensor and the metric transform as: 

Xr=[2,2;4], x/.= [2,2;0], (6) 

as anticipated. Indeed, (711,712) = (2,2) is the nine-dimensional Lorentz representation, 
(carried by T^^, or h^^), and (711,712) = (4,0), (0,4) are the two conjugate five-dimensional 
Lorentz representations, (carried by C^), while the conformal dimensions are the canonical 

dimensions of a energy-momentum tensor (rf = 4), of the metric (d = 0), and of the Weyl 
tensor (d = 2). 

As we mentioned in the Introduction the case of Weyl gravity belongs together with 
the Maxwell case to an infinite family parametrized by 7i = 1, 2, . . . where the signatures 
analogous to (5), (6) are: 

X+ = [2771,0; 2] , x" = [0,2771; 2] , (7) 
Xt = [m, 77i; 2 + 77i] , X/T = m;2-m\ . (8) 

The Maxwell case is obtained for m — 1, Weyl gravity for m — 2. (Note, however, that the 
representations are not unitary for m > 2.) 

Further, we shall use the fact that a Lorentz irrep (spin-tensor) with signature (711,712) 
may be represented by a polynomial G{z, z) in z, z of order 7ii, n^, resp. More explicitly, for 
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the Weyl gravity representations mentioned above we use [16]: 

C+{z) = z'Ct + z^Ct + z^Ct + zCt + Co+ , (9) 

C-{z) = z^C^ + z^C^ + z'C2- + zCf + Cq- , 

T{zrz) = z''z''T^, + z^zT^, + z''T^,+ 
+zz^T[^ + zzT[^ + zTi'o+ 

+ ^7^01 + ^00 , (10) 
h{z, z) — z'^z^h'22 + z^zh^i + 2^/120+ 

+^2/i'02 + + /ioo , (11) 

where the indices on the RHS are not Lorentz-covariance indices, they just indicate the 
powers of z^ z. The components are given in terms of the Weyl tensor components as 
follows [16]: 



^0^ 


— C2 — \Ci — Cg + ?(Co + 


+ C^7) 


ct 


= 2(C4-C8 + ^(C9-C5)) 




ct 


= 3(Ci - iCs) 




Gt 


= 8(C4 + C8 + Z(C9 + C5)) 




Ct 


= C2-|Ci + C6 + i(Co+|C3 


-C7) 


Co 


— C2 — \C\ — Cq — i{Co + + C7) 


cr 


= 2(C4 - - ^(Cg - C5)) 




C2 


= 3(Ci+2C3) 




Cs 


= 2(C4 + C8-^(C9 + C5)) 




c^ 


= C2 — ^Ci + Cq — i(Co + ^C3 


-C^7) 



while the components are given in terms of T^^ as follows [16]: 

Too + 2To3 + T33 
^00 ~ ^33 
Too ~ 2To3 + 733 
Toi + iTo2 + Ti3 + iT23 
Toi - iTo2 + Ti3 - iT2z 
Toi + iTo2 - 7i3 - iT23 



T' 

T' 

T' 

T' 
^21 

T' 
^12 



V 
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Tqi — Toi — iTQ2 — 7i3 + iT2s 
^20 ~ + 2iT'i2 — T22 

Tq2 = Til - 2iTi2 - T22 (13) 

and similarly for h'^j in terms of h/j,!, . 

In these terms all linear conformal Weyl gravity equations (3) may be written in compact 
form as the following pair of equations: 

7+ C+(z) = T{z,z) , r C-(z) = T{z,z) , (14) 

where the operators 7^ are given as follows: 

/+ = (^2-2^2 ^ ^2^2 ^ -2^2 ^ q2_^ 

+2z'^zd^d+ + 2zz^d+d^ + 2zz(d_d+ + d^d^)+ 
+2zd_d^ + 2zd^d_)d1- 
-G^zz^dl + zdl + 2zzd^d+ + z^d+df,+ 
+z{d^d+ + d,d,) + d,d-)d,+ 

12{z^dl + dl + 2zd^d+) , (15) 

r = {z'z'dl + z'dl + z'dl + 9!+ 

+2z'^zdyd+ + 2zfd+dy + 2zz{d-d+ + 3^8^)+ 

+2zd-d^ + 2zdyd-)dj- 

-Q(z^zdl + zdl + 2zzd+d^ + z^dyd++ 

+z{d_d+ + dyd^) + 

l2(z^Sil + dl + 2zd^d^) 

where the variables x±,v,v are expressed through the Minkowski coordinates 
Xo , , ^2 , as follows [6] : 

x± = Xo ± , V = Xi — 1x2 , V = xi + 1x2 ■ (16) 

These variables have, (unlike the x^), definite group-theoretical interpretation as part of 
a six-dimensional coset of the conformal group SU (2,2) (as explained in [6]). In terms of 
these variables, e.g., the d'Alembert equation (1) is: 



(17) 
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To make more transparent the origin of (14) and in the same time to derive the quan- 
tum group deformation of (14), (15) we first introduce the following parameter-dependent 
operators: 

I+(n) = l[n(n-l)Pji-2(n^-l)hllh + n(n + l)lilfj , (18) 
r{n) - l{n{n-l)lili-2{n^-l)h4h + n{n + l)lili) , 

where 

Ii = dz , h = zzd+ + zdy + zdy -\- d- , Is = . (19) 
It is easy to check that we have the following relation: 

7± = /±(4), (20) 

i.e., (14) are written as: 

/+(4) C+{z) = T{z,z) , /-(4) C-{z) = T{z,z) . (21) 

We note in passing that group-theoretically the operators la correspond to the three 
simple roots of the root system of s/(4), while the operators correspond to the two 
non-simple non- highest roots [17]. 

This is the form that is immediately generahzable to the g'-deformed case. We first present 
the necessary formalism in the next Section. 

Using the same operators we can write down the pair of equations which give the Weyl 
tensor components in terms of the metric tensor: 

I+{2)h{z,z) = C-{z) , r{2)h{z,z) = C+{z) . (22) 

We stress the advantage of the indexless formalism due to which two different pairs of 
equations, (21), (22), may be written using the same parameter-dependent operator expres- 
sions by just specializing the values of the parameter. 

The analogues of (14), (22), for the family (7) are: 

7+(4) C+(z) = T^(z,z) , 7-(4) C-(z) = T^{z,z) , (23) 
/+(2) hUz,z) = C-{z) , /^(2) hUz,z) = C+{z) , (24) 

where the operators I^{n) are of order m, and can be found in [18] also in the g'-deformed 
case. 
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III. g-DEFORMED SETTING 

In the g'-deformed case we use the noncommutative g- Minkowski space-time of [6] which 
is given by the following commutation relations (with X = q — q"^): 

x±v — q^^vx± , x±v — q^^vx± , x+X- — X-X+ — Xvv , vv — vv , (25) 

with the deformation parameter being a phase: |g| = 1. Relations (25) are preserved by the 
anti-linear anti-involution uu : 

^{x±) = x± , ci;(w) = V , uj{q) = q = q~^ , ("^(A) = —A) . (26) 

The solution spaces consist of formal power series in the gr-Minkowski coordinates (which 
we give in two conjugate bases): 

'fjnim = X'^ , (28) 

<fjnem = = Uj{(pjnlm) ■ (29) 

The solution spaces (27) are representation spaces of the quantum algebra Uq{sl{4:)). For 
the latter we use the rational basis of Jimbo [19]. The action of C/g(sZ(4)) on 0jnem was given 
in [20], and on (fjnem in [12]. Because of the conjugation cu we are actually working with 
the conformal quantum algebra which is a deformation of U{su{2,2)). 
Further we suppose that q is not a nontrivial root of unity. 

In order to write our g-deformed equations in compact form it is necessary to introduce 
some additional operators. We first define the operators: 

= J2j,n,e,meZ+ l^jnim 'Pjntm , K=±,V,V , (30) 

and , , , , resp., acts on (pjnern by changing by ±1 the value of 
jjUjijUi, resp., while , , , , resp., acts on (fijnem by multiplication by 
q±j^ q±n^ q±e^ q±m^ j-^gp "\^g shall use also the 'logs' such that T„ = q^'^. Now we can 
define the g-difference operators: 

^^<P - \ M-.' (r« - T-^) ^ ^\ {q""^ - q-""^) ^ ■ (31) 
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Note that when ? — > 1 then ^ dk- Using (30) and (31) the g'-d'Alembert equation may 
be written as [7], [12], respectively, 

(q P_ V+ % - A T>v) %T_T+T^(p = , (32) 

(P_ V+ - qA V, T,) T_T+ ^ = . (33) 

Note that when 1 both equations (32), (33) go to (17). Note that the operators in (30), 
(31), (32), (33) for different variables commute, i.e., we have passed to commuting variables. 
However, keeping the normal ordering it is straightforward to pass back to noncommuting 
variables. 

Using results from [8] we have for the g-analogue of (18): 

.I'^in) = |(N,[n-l],,7i%72'-[2],[n-l],[n+l]„7i,72%7i+ 

+[n\,[n + l],,ll,ll) , (34) 

,7-(n) = \[[n],[n-l],,ll,ll-[2],[n-l],[n+l],,h,ll,h+ 
+ [n]^[n + l\^^lljl) , 

where the gr-deformed versions qia of (19) in the basis (28) are: 

,7i = At.TMT^T,)-' (35) 
gh = (qMzATl + M,M,V+T-nT~^ + P_r_ + 
+ q-^M,A - XMvMz'D-V+Tv) T^Tf^ 

qh — T^zTz ■ 

(For comparison, note that in the g-Maxwell operators are used the following expressions: 

+ 2]gg7ig72 - [n + 3]g572g7i), ql^ = l{[n + 2]qqlsql2- [n + 3]qql2qh).) 

Then the g-Weyl equations are (cf. (21)): 

,7+(4) C+(^) = T{z,z) , ,7-(4) C-{z) = T{z,z) , (36) 
while g-analogues of (22) are: 

,7+(2) hiz,z) = C-iz) , ,7- (2) hiz,z) = C+iz) . (37) 

We shall look for solutions of the g-Weyl gravity equations in terms of a deformation of 
the plane wave given in [14]. This deformation is given in the basis (28): 

s=0 i^il- 
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[s],\^[sUs-l], ■■■[!],, [0],!^1, K^^" ^ 



q-q 1 



( _-\'\s-a-b „n{s-2a-2b+2n) + a{s-a-l) + b{-s+a+b+l) + Ps(a,6) 

aA^^^+ rg(a-n + l)rg(6-n+ l)rg(s-a-6 + n+ l)[n]<j! 

where the momentum components {ky,k_,k^,ky) are supposed to be non-commutative 
between themselves (obeying the same rules (25) as the g-Minkowski coordinates), and 
commutative with the coordinates. Further, Tg is a g-deformation of the F-function, of which 
here we use only the properties: Tg{p) = \p — l]q\ for p e IN, 1/Fg(p) = for p e Z_ ; Ps{a, h) 
is a polynomial in a, 6. Note that [hs)\q=i — {k-xY and thus {ex!pg{k,x))\q=i — exp{k-x) . 
This g-plane wave has some properties analogous to the classical one but is not an exponent 
or g-exponent, cf. [21]. This is enabled also by the fact (true also for q — 1) that solving 
the equations may be done in terms of the components hs . This deformation of the plane 
wave generalizes the original one from [10] which is obtained by setting Ps{a, b) = . Each 
hs satisfies the g-d'Alembert equation (32) on the momentum g-cone: 

^ k q JvyJvy = Jv-^Jv ^ JvyJvy = . (^^) 

IV. SOLUTIONS OF ^-WEYL GRAVITY 

We shall use the basis (28). The solutions of the first equation in (36) in the homogeneous 
case {T — 0) are: 

-Ej^nCt, (41) 

4 / -m+3 \ / \ 

C: = ErL^i n - U iky- q^^^^^^^'k^z) ht , (42) 

m=0 \ i=0 / \ j=— m+4 / 

where hf is kg with: 

Ps{a,b) = P/(a,6) = Rs{a) + Bsb, (43) 

7^ , Bs are arbitrary constants, Rs{a) is an arbitrary polynomial in a. Note that the factors 
preceding /i+ depend on Bs but not on Rs{a). The check that (41) is a solution is done 
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for commutative Minkowski coordinates and noncommutative momenta on the q-cone. In 
order to be able to write the above solution in terms of the deformed plane wave we have 
to suppose that the 7^ ,Bs + s for different s coincide: 7^ = 7+ , e.g., we can make the 
choice = B' — s — 4. Then we have: 



-m+3 

.^0^ = E 7^ ( n (A;+-g^+^'M) I n (K-q^^'^'k.z)] exp+(fc,a;), (44) 

m=0 \ i=0 / \ j=-m+4 



where e5cp^(/c, x) is e3cp^(A:, x) with the choice (43). 
The solutions of the second equation in (36) are: 



00 
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4 / -rn+2 \ / 2 \ 

4- = E 7^7 n ik^-q'-'^^Kz)] n ih-q'-^'k^z)] h; (46) 

m=0 \ i=-l / \ j=-m+3 J 

where hj is hg with: 

Ps{a,b) = p-{a,b) = Dsa + Qs{b), (47) 

7^ , Ds are arbitrary constants, and Qs{b) is an arbitrary polynomial. In order to be able to 
write this solution in terms of the deformed plane wave we have to suppose that the 7^ , Ds 
for different s coincide: 7^" — Dg — D. Then we have: 

4 /-m+2 \ / 2 \ 

.Co = E n (k+'q^-'^Kz)] n ih-q'-^'k^z)] exp-(^,x), (48) 

m=0 \i=-l / \j=-m+3 J 

where exp~{k,x) is exp {k,x) with the choice (47). 



V. SUMMARY AND OUTLOOK 



In the present paper we have constructed g-plane wave solutions of the earlier proposed 
quantum conformal deformation (36) of the equations of linear conformal Weyl gravity. We 
have restricted ourselves to the vacuum case with energy- momentum tensor T — 0. In our 
further research we plan to consider solutions of (36) in the case T 7^ 0. Later on we shall 
look for solutions of equations (37) and explore their consistency with the solutions of (36). 
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